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 We obtain non-trivial integral solutions for the Ternary Bi-quadratic Equation  

422 23232 zyxyx  . A few interesting relations for each pattern among the solutions are 

presented. 
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INTRODUCTION: 

 Diophantine equations have an unlimited field for research by reason of their variety. In 

particular, the Bi-quadratic Diophantine equations, Homogenous and Non Homogenous have 

aroused the interest of numerous mathematicians since antiquity [1-5]. However, often we come 

across homogenous bi-quadratic equations and as such one may require its integral solutions in 

its most general form.  In this context one may refer [6-13] for problem on ternary bi-quadratic 

equations. This paper concerns with the problem of determining non-trivial integral solutions of 

the bi-quadratic equation with three unknowns given by 422 23232 zyxyx . Explicit integral 

solutions of the above equations are presented. A few interesting relations among the solutions 

are obtained. 

Notations: 

m

nP    -  Pyramidal number of rank n with size m. 

nmT ,   
- Polygonal number of rank n with size m. 

nmCP , - Centered Polygonal number of rank n with size m. 

 6,,4 nF  -  Four Dimensional figurate number of rank n with size 6. 

nPt - Pentalope number of rank n. 

METHOD OF ANALYSIS: 

The Ternary Bi-quadratic Diophantine Equation to be solved is given by   

                                          
422 23232 zyxyx       (1) 

The substitution of the linear transformations 

   vuyvux ,          (2) 

in (1) leads to  

                   
422 237 zvu          (3) 

 (3) is solved through different approaches and the different patterns of solutions of (1) 

obtained are presented below: 
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PATTERN: 1 

 Consider (3) as 

   
4422 7167 zzvu   

and write it in the form of ratio as 

    0,
47

4
2

2

2

2

b
b

a

zu

vz

vz

zu
     (4) 

The above equation is equivalent to the system of equations 

    0)74(7 2zabavbu         (5) 

                                    0)4( 2zbabvau       (6) 

Solving (4) & (5) by the method of cross multiplication, we have  

                               
222

22

22

7

87

14428

baz

abbv

abbau

                           (7) 

Substituting 227,2 qpbpqa    in (7) and using (2), we get  

                             
22

332244

332244

7),(

12842105245),(

443081263147),(

qpqpzz

pqqpqpqpqpyy

pqqpqpqpqpxx

 

  which represent the non-zero distinct integer solutions to (1). 

PROPERTIES: 

 64mod862242,1,1 ,640

4

,96,,4,4 2 qqqqq
tPCPFtqyqx  

 131mod9862212,1,1 ,168

4

,96,,4,4 2 qqqqq
tPCPFtqyqx  

  
2

4,2 pppz is a Perfect Square. 

PATTERN: 2 

          Instead of (4), consider the form of ratio as, 
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    0,
4

74
2

2

2

2

b
b

a

zu

vz

vz

zu
     (8) 

     (10) 

Following the analysis similar to pattern-1, the corresponding integer solutions to (1) are 

given by 

 

22

332244

332244

7),(

443081263147),(

12842105245),(

qpqpzz

pqqpqpqpqpyy

pqqpqpqpqpxx

 

PROPERTIES: 

 195mod222262,1,1 ,476

4

6,,4,4 2 qqqq
tPFtqyqx  

 246mod989626,1,1 ,78

4

,96,,4,4 2 qqqqq
tPCPFtqyqx  

  ppz ,12  is a Nasty Number. 

 

 

PATTERN: 3 

  Assume 

 )74)(74(23 ii         (9) 

Write z as 

  
22 7),( babazz         (10) 

Substituting (9) and (10) in (3) and employing the method of factorization, define 

  4)7)(74(7 biaiviu  

Equating real and imaginary parts in the above equation, we get 

332244

332244

112164249

196281681964

abbababav

abbababau
     (11) 

Substituting (11) in (2), the corresponding integer solutions to (1) are given by 
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332244 84122102455, abbabababax  

332244 308441261473, abbabababay  

22 7, babaz  

PROPERTIES: 

 267mod861306391,1,1 ,344,342

4

,96,,4,4 2 AAAAAA
ttPCPFtAyAx  

 24418461506107,1,112 ,4,3

4

,96,,4,4 2 BBBBBB
ttPCPFtByBx  is a Nasty 

Number 

 AAz ,48  is a Nasty Number. 

PATTERN: 4 

 Instead of (9), consider 23 as 

   24

719719
23

ii
       (12) 

Following the analysis similar to pattern-3, the corresponding integer solutions to (1) are 

given by 

 
332244 1344192723360392080, ABBABABABAx  

332244 29124163024352872, ABBABABABAy  

22 284, BABAz  

PROPERTIES: 

 11425mod152631326926,1,1 ,14864

4

6,,4,4 2 BBBB
tPFtByBx   

 14713mod863236392,1,1 ,6720

4

,9,4 2 BBBB
tPCPtByBx  

 27mod4, ,58 BtAAz . 
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PATTERN: 5 

Consider (3) as 

 1*237 422 zvu          (13) 

Write 1 as 

 24

7373
1

ii
        (14) 

Substituting (9), (10) and (14) in (13) and employing the method of factorization, define 

 
4

73
7747

4 i
biaiviu  

Equating the real and imaginary parts in the above equation, we get 

 
332244 137219642982

4

1
abbababau      (15) 

 
332244 5682943437

4

1
abbabaav  

Substituting (15) in (2), we‟ve 

 
332244 14282043364419

4

1
abbababax  

 
332244 13161882522455

4

1
abbababay  

Replacing „a‟ by “4A”   and „b‟ by “4B”  in the above equations and (10), we have  

 
332244 91392130562150428224576, ABBABABABAx  

332244 84224120321612815680320, ABBABABABAy  

22 11216, BABAz  

which represent the non- zero distinct integer solutions to (1). 
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PROPERTIES: 

 17316mod25665782612543,1,1 ,10764

4

,96,,4,4 2 BBBBB
tPCPFtByBx  

 33286mod3045333032472615681,1,1 ,6,9

4

6,,4,4 2 BBBBB
tCPPFtBzBy  

 15mod71, ,34 AtAz  

PATTERN: 6 

 Substituting (10), (12) and (14) in (13) and following the procedure as in pattern-5, the 

corresponding integer solutions to (1) are given by, 

332244 465926656201616128564481152, ABBAABBABABAx  

332244 9203213056784627221592448, ABBAABBABABAy  

22 11216, BABAz  

PROPERTIES: 

 100140mod7840061614090001001,1, ,227900,227898

4

,96,,4,4 2 AAAAAA
ttPCPFtAyAx

 

 160126mod2195222800300420041,1, ,22814,9

4

6,,4,4 2 AAAAA
tCPPFtAyAx

 

 BBz ,2 is a Nasty  Number 

 

CONCLUSION: 

In this paper, six different patterns of integer solutions to (1) are presented. To conclude, one 

may search for other patterns of non-zero distinct integer solutions to the considered Bi-quadratic 

with three unknowns and their corresponding properties. 
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